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For a graph G let ~'a(G)= S G contains a cycle of length k . Erd6s and Hajnal [ll 

introduced the real function f(~)- inf  [ ,~  (O) IE(G)I >:~ anct suggested to study its properties. 
/ IV(G)] / 

[k + 1"1 
Obviously f( l)=0.  We prove /|/--~--~/~(300k log k) -a for all sufficiemly large k, showing that 

sparse graphs of large girth must contain many cycles of different lengths. 

1. Introduction 

Let G:(V. / -2)  be a finite undirected ~raph-Let  ~:(G)=._,Y{ 1 .  - there exists 

a cycle of length k in G}. The number 5#(G) is the sum of  the reciprocals of  cycle 

lengths occuring in G. In a sense, ,Y'(G) measures how rich the graph G is with respect 
K l I , l ( 3/ to cycles., e.g. ~e°( , , ) = 7 - k ~ T . . . 1 - n m [ a ' - - T ] + l o e H . ~  where 7=.5772.. .  is 

t 1 
the Mascheroni constant; W (K, , , , , ) :+  + 1 + . - .  4-2n-n---~- 2- ( y _  1 + log n). E,'d6s 

{ [E(G), ~ } .  They and Hajnal [11 introduced the real function ./ '(~)=inf £,e(G) [V(G)[ 

asked about the behaviour of J(~) as ~. tends to infinity. The complete bipartite graph 
K,.~ shows that f(n)<=c . log n for n~:-2, but originally it was unknown whether 

f(0~) is bounded or not. Recently Gy~'trff~s, Koml6s and Szemerddi [2] showed that 
f ( o O ~ a ,  log ~, provided that ~>b,  where a and b are suitable contants. Obviously 
.f(~) = 0  for a > 1. The problem of determining the behaviour o f f (a )  for czE(l, 1 +a) 
has been raised in [2]. It was not even clear whether f(1 + e ) > 0  for every e>0 .  

In this paper we prove the following theorem, answering this question in the 
affirmative : 

AMS subject classification (1980): 1.)5 C 38:05 C 05 
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. ( k  + 1 ] 1 
Theerem ]. There c'.rist~ a positirc inte.~er n, ) such  that . ) ' I T J ~  

3001< lo---~g k 

[br all integers k ~n0:  in other u'ords: f o r  ererv graph G with ]E(G)! ~ fi + 1 it follows 
. . . . .  IV(G)[ - I< " 

1 
that Z# ( 'G)~ 300/.= log k ' a/tho~:gh the .~irth o f  G may be arbitrarily large. 

Basically our  p r o o f  fol lo~s the pat tern of  [2] : General izing the not ion of  3/2- 

~ree [2], we construct  a subtree of  G. Since !E(G)I -.-I0 eventually we will detect 
IV(G)] 

sufficiently many  cycles of  different lengths, so tha t  ~:(G)  can be estimated f rom 
below. 

2. Proof of the theorem 

IE(G)I - . / < +  l 
Lemma.  Let k be a posi:ice iHteger and let G be a graph such that !V(G)[ -- lc 

Then there exists a graph G* such that 

(1) G* does not contaitt I," cortices .~,~ . . . . .  -xk 1. c'ach o.[ which has degree 2 a/ul 
which./ornt a path o f  length k. 

(2) ]E(G*)I -. k + l  amt <.~-(G*) ~ 5/:(G). 
Iv(a*)i - :~ 

Proof.  We proceed by induction on the nunaber of  k-element  subsets {x0 . . . . . .  x~_l] 
o f  vertices in G such.that  each x, has degree 2 and x,), ..., xk_ ~ fo rm a pa th  of  length 
k. Pick any such subset {x0 . . . . .  xk-~} and let (~ be the g raph  which is obta ined fi 'om G 
by deleting {xo . . . . .  xk 1} and deleting all edges which are incident with these vertices. 
Obviously  then 5e((~)~_<.~.(G). ] E ( G ) I = [ E ( G ) I - k - - I  and I V ( G ) I = I V ( G ) [ - k .  

_ IE(G] k + I Hence,  by induc -  The  assumpt ion  -IV(G)ltE(G)--~-[ _> k +____El: implies, that  also !V(G)] - ~> ~ "  

~ion, the assertion follows. II 

Now let G = ( K  E) be a fixed finite graph such that  

[EI/!Vi ~ (i<+ l)/k, 
for  some positive integer k. 

According to the lemma we may assume that  G is connected and satisfies 

(1) G does Hot eontain k eerticov .v o . . . . . .  vk_ ~. each o f  which has degree 2 a#ul 
which Jbrm a path isz G. 

We keep on establishing observat ions  abou t  the interior s t ructure of  G. 
These obserwlt ions are based on certain reals :~. [J, ), and g. Ul t imate ly  we find out :  
if these numbers  satisfy certain equat ions (yiz. 7.1 and 9.1), then ~ ( G )  is suffici- 
ently large (cf. 17). Since g is directly related to G (cf. 3). it remains  to choose ~, [3 
and ,' accordingly.  

The final result  is formula ted  under (20). 
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(2) Notation. A rooted (<2)-tree in G is a triple Y-=(?: r, F) such that 
T ~  V is ,1 set ot" vertices in G, 
F ~ E  is a set of edges in G, 
rE T is a distinguished vertex, called the root of ,~, 
(T, F) is a tree, i.e. a connected graph without cycles, such that every vertex 

xE T has degree at most three in (T, F). 

For vertices x and v in T let dist (x, y) be the number of edges in the (uni- 
quely determined) path in (T, F) joining x and v. For nonnegative filtegers n let 

J ( n )  = {x~TI dist (r, x) = J~} 

be the n-th level of ~ The height o f  :Y- is the maximal integer n such that -Y-(t0 ¢ 0. 

(3) Notation. Let g be the maximal positive integer such that G does not contain any 
cycle of length at most g, i.e. g--girth ( G ) - I .  For a vertex .x'~ V let deg(x) 
denote the number of adjacent vertices, i.e. the degree of x. 

(4) Observation. Let 0 < ~ <  1 be a real number. There exists a normegative integer N 
and there exists a rooted (~2)-tree ,Y-=(~ r, F) o f  he~ht at most N +  1 satisfying 
the follo wing properties." 

2 
(4.1) l.y-(l+k)] ~ ~k 2_~k________s. iT(t)} for every 0 :~ I ~ N - k .  

Additionally, there exists a set GOOD=C,Y--(N) and a mapping s: GOOD-~T 
vueh that 

(4.2) IGOODI>(1--c~)IY-(N)!. 

(4.3) {x, s ( x ) } E E \ F  for every xEGOOD, i.e. the vertices x and s(x) are joined 
b)' an edge in G not belonging to the rooted tree J .  

Proof. Such a rooted tree J~ can be obtained by a straightforward recursive con- 
struction. Pick a vertex rE V arbitrarily and put To= {r} and F0=0. Assume that 
for some nonnegative integer m the rooted (<=2)-tree J,,,,=(T,,, r, F,,) has been 
constructed such that (4.1) is satisfied for all O<- lNm-k .  

Let 
A,,, = {xE~-~(m) I deg (x) = 2} 

be the set of degree 2 vertices of G belonging to the m-th level of ~,,,. 
Let 

A+,,, = {yEV\T,,,[{x, y}EE for some xEAm} 

be the set of neighbours of Am not already belonging to o°o~,.. Let B,.C=9-m(m)\A,,, 
be a set of maximal cardinatity such that there exist two mappings b~: B,.-~ 
~V\(T, ,UA+,,) ,  iE{0, 1}, satisfying 

(4.4) {x,b,(x)}EE for every xEB,, and iE{0,1}, 

(4.5) bi (x)#bj (y )  for every x, yEB,,, and i, jE{0, 1} with ( x , i ) # ( y , j ) ,  

i.e. to every xEB,,, there are associated two adjacent vertices bo(x) and b~(x) not 
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already belonging to T,,,UA, +, such that {bo(x), bt(x)}C){bo(y), b , (y)}=0 for any 
two different .r and y in B,,,. 

Let 
B,  + = {bo(x)lxC_B.,}U {bl(X)lxg. B,,,}. 

P u t  

T,,,+~ = T,,,I.J Ar+,, UB,~, 
and 

F,,+~ -- F,,U{{x, y}~.E]x<A,,, and yC.A,,+}U{{x, b,,(x)}lx~B,,}U{{x, bl(X)}[x~B,,,}. 

Repeat this construction as long as possible, viz. let N be the minimal integer 
such that 

O.6) IA.~I+IS~,.[ < <&,(X)l ,  

and put Y - ( T ,  r, F)=(TN_)~, r, FN_ ! 1)' 
Recall that .Y- has been defined in such a way that 

(4.7) ]A,,,I+IB.,! ~ ~l.Y-(m)[ for every 0 ~ m < N 

and 

(4.8) 

(4.9) 

According to (4.7) and (4.8) it follows that 

(4.10) ~k-l-i  , k- l - ;  k--; 2~k--; 

for every l < i < k .  
Summing up the inequalities (4.9) and (4.10) yields 

k--2 

(4.11) IA,+,~,-~I t la ,+~-d-  22 , + ,  ~ -  
i=0 

As the graph satisfies condition (l), it follows that 

tJ-(m)[ = IA,,,-~]+21B.,-~I for every 0 < m ~ N .  

We show that J~ satisfies assertion (4.1)' Let O ~ l ~ N - k .  By (4.7) then 

k - 2  

(4.12) IAt+k-ll ~ 22 2[B,+il, 
i=0 

and hence 
~zk--1 k - - 2  

(4.13) 2 I & ~ - d +  22 c(k-lJB,+il ~ 0 .  
i=0 

Summing up (4.11) and (4..13) yields 

(4.14) 
2 - ~k-1 k--g 

- -  I&+k-~l+ IB~+k-d+ Z (ctk-l--c?-i-~)lB,+,l ~ ~kl~(t)l, 
i = l  
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thus 

(4.15) 
2a k 2 k-2 

tA,+k-,] = 2 _ ~ k - ~  !J--(l)l , 
i=1 

(5) Observation. 
such that 

(5.1) 

(5.2) 

dist (x, s(x))  = n f o r  every x~EQP, 

[EQPI ~ IGOODI/n ~, 

(5.3) IEQPI ~ 1-~(n. [ . ~ V k / ~ J 2  IN-g+,. 

Proof. Recall that g=gi r th  ( G ) - I .  Consider the mapping A: GOOD~N'x,{0 . . . .  
.... g - l }  which is defined by A ( x ) = d i s t ( x , s ( x ) )  for every x{GOOD. Then 

IGOOD[= ~ 1A-~(n)l and assuming that (5.2) fails for every n ~ g  and E Q P =  
n = g  

=A-~(n) it follows that 

1 = iGOODl(rd./6_l ) < IGOOD[, InOODI ]A-X(n)[ < IGOODI ~ ..':7 
?1=@ n =  9 

an obvious contradiction. 

2 ~  k 9 

~: 2_~k_i I-Y-(l)14 ~ IB,+k-IT, 

as 0<.~< 1. 
From (4.8) and (4. t5) then finally it follows that 

(4.16) i#-- (l + k)[ = 

27. k 2 ( ¢ t  k - 1  - -  1) 2~ g 
= [A,+a-ll+2]Bt+k-I] ~ 2_ak_ 1 l J ( / ) l+  ak_l 2 IBz+k-~I > 2 _ a t _ i  [J(l)], 

as again 0 < 5 < 1 .  Thus assertion (4.1) is valid. 

Let us mention that in fact the sets A~; and Bt_~ i can be chosen in such a waTy 
that equality holds in (4.1) occasionally. 

It remains to define the set GOOD and the mapping s: GOOD ~ T such that 
(4.2) and (4.3) are satisfied. Put 

GOOD = ~ q ( N ) \ ( A N  UBN). 

According to (4.6) then (4.2) is valid. Due to the maximality o fB  x for every .rE GOOD 
there exists some vertex s(x)ET=Tx_ ~ ~ satisfying (4.3). | 

For the remainder of this proof fix a rooted (~:2)-tree J--=(T, r, F) of 
height N o r  N + I  and a set GOODC~-(N)  as well as a mapping s: G O O D ~ T  
such that the assertions (4.1), (4.2) and (4.3) are satisfied. 

There exists a set E Q P ~  GOOD and there exists an integer n ~ g  
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Hence for some n~-g tile set A-t(n) satisfies (5.1) and (5.2). Assertion (5.3) 
is all obvious consequence fi'om (4.2) and (41) and (5.2). | 

Fix all integer n----g and a set E Q P ~  GOOD satis~ing (5.1), (5.2) and (5.3). 
Put n*- - [n /2-  t]. 

(6) Notation. For vertices zC T let 

C(z) = {.v<J-(N)]dist ( z ) 9  = N - d i s t  (r, y)} 

be the vertices in the N-th level of ~ belonging to the cone generated by z. 

(7) Observation. Let O<fl < t be a real number such that 

(7.2)  1 - ~  • ,, ~ fl(,q ~1/2 .  

2g" 

There exists a vertex zE,Y-(N-n*) such that 

1 - ~  ¢ ~ l - - - - T - - - I  . . . .  k-: 
(7.2) J C ( z ) A E Q P I ~ / 3 " * { e I /  ~ J  

Proof. Call a vertex zE3-(N-n*) small iff 

( ~ f - - T - - - ] , , ' - ~ - ' - i  

Without loss of generality we can assume that C(z) .~6 for evmy z E J ( N - n * ) .  
Hence it follows from (4.1) that 

(7.4) [ U C(z)l < [~f(N-n')lfl"* e 
a E --a'(N - n*) 

.-" small 

= IJ - (N)I />  *. 

Notethat particularly g-~2 (since girth (G) is at least 3). From n~_g>-_2 and 
(7.1) it follows that 

l -0~ 
(7.5) 2n----- ~ ~/P*.  

Denote by EQP* the set of  vertices in EQP which are not covered by small cones. 
According to (7.4), (5.2), (4.2), (7.1) and since n ~ g  it follows that 

IEQP*[ => [EQP[-[  I) C(z)[ => [EQPI-IT(N)Ifl"* 
z E ,.v-(N- n*) 

z small 

~ I ~ - ( U ) l  2 , ~ .  
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Note that C ( z ) N C ( z ' ) = O  for different vertices z and z '  in . ~ ( N - n * ) .  Hence 
there exist at most 

( , ~ / - - - T - - I  o" ,<--,_ 
IF(N)l//"" p 

vertices z { J ( N - n * )  wtlich are not small. Assuming that every such "large" 
vertex fails to satisfy (7.2) yields 

1 - ~  I J ( N ) I ,  IEQr>*I < 2 7  

contradicting (7.6). Hence the observation is proved. | 

Fix a vertex z E ~ - ' ( N - n  ~) satisfying (7.2). 

(8) Notation. Let m <N.  A vertex xE)-(m) is a cycle vertex iffthere exist two verti- 
ces Y0 and )q in . f (m  + 1) such that {x, 3'o}~ F and {x, ),~}c F (i.e. x possesses two 
immediate snccessors in ~ viz. ).0 and 3"~) satisfying 

(8.1) C(yo)T/EQP ¢ 0 and C 0 ' 0 N E Q P  7~ 0. 

(9) Observation. Let ~,>0 be a real number and assume that ~, [I, g (as introduced 
above) and ), satisfy 

{ 2 '  '" l J log fl r - i T - k - I ) l o g  n'; log 2 (9.1) log I 2n'-' ) q- o~ >= 

for  all n-~g. Then there exists an ascending path z=xo ,  x,  . . . . .  a',,._, in .Y- (i.e. 
{.r~. .r~ + ~} ~ F and .x'~6 F ( N -  n* + i) ) which conta#~s at least yn cycle vertices. 

Proof. Construct xj . . . . .  x,,._l by a greedy procedure. I f  there exists precisely one 
vertex .vE-Y--(N-n*+m+l)  such that {x,,, )'}CF, put x,,+~=y. I f  there exist two 
vertices Yo and j'~ in Y - ( N - n  ~-F m + 1) such that {x,,, Yo}E F and {x,,, y~}E F, put 

x,,,+~ = J'o iff ICO'o)NEQPI ~- [ c o ' J ~ E Q P I  

= y~ iff IC0'o)I-~EQPI < IC(y0fqEQDI. 

We show that z=xo  . . . .  , x,~_l contains at least yn cycle vertices. Let x,,o . . . .  , x,,,<_~, 
where m 0 < n h < . . .  <mt-~.  be the cycle vertices amongst xo, ..., x,,._l. 

According to the construction and (8.1) it follows that 

(9.2) 

(9.3) 

Hence 

(9.4) 

Note that 

(9.5) 

IC(x ..... 0AEQPI  ~ 2, 

]C(x,,,_~),QEQPI ~ 21C(x,,,)NEQPI for 0 < l < t. 

[C(Xmo)NEQP] ~ 2'. 

IC(x,~o)OEQPI=IC(z)f~EQPI, hence it follows from (7 .2) tha t  

° ,_ .  f V 2 - T - t  .... k+l 
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i, e ,  

(9.6) 
t [ ( 1 - ~ t  

1 log + 
log 2 . 

7n 

{WT// n ' l o g f l + 0 F - k + l ) l o g  ct 2 - ~  

according to (9.1) and the tact that n~-g. I 

Fix a path x0, x,. . . . .  , x,,._l containing the cycle vertices x .... ..., x .... 1, 
where mo<m~<. . .<m,_~ and t>=;m. Fix a vertex x,, ,EC(x ..... )•EQP. For 
every vertex x,,,~ let y,,,E EQP be such that 

(10) ym, EC(x,,,)NEQP~C(x,,~+I) for every 0 ~ i < t. 

Put y , , ,=x, , .  Such vertices y,,, exist as the vertices x,,,, are cycle vertices. 

(11) Notation. For vertices x and y in Tdenote by P(x,  y) the (uniquely determined) 
path in ~-joining x and y. In order to avoid ambiguties say that P(x,  y) consists 
of edges (in F), determining the path between x and y. Note that IP(x, Y)t =dist (x, y). 

(12) Observation. Let z*E T denote the certex satis[~vhTg {z*, z}EP(r, z), i.e. z* is the 
Omiquely determh,ed) predecessor o f  z in T. The,, {z*, z}EPO,,,,, sO',,,)) for every 

O~i<=t. 

Proof. Denote by C(z)= U {YE~- (N-n*+i ) td i s t  0', z)=i} the (upper) 

cone generated by z. Obviously 

(12.1) MAX {dist (y, z)[),E C'(z)} ~ n* + I, 

hence 

(12.2) M A X { d i s t ( x , y ) l y E C ( z ) , x E C ( z ) } < n * + , , * + l  = 2 1 2 - 1 ] + l  ~ n -  1. 

From (5.1) it follows that s(j ' , , )¢ IT'(z) for any O<-i-~t. Hence the assertion fol- 
lows. I 
(13) Observation. Let O ~ i < j ~ t .  Then 

(13.1) P (y,,,,, y , , )  0 P(s (y,,,), s (Y,,u)) = O. 

(13.2) Ci. j = P(y  .... y , , )UP(s(y, , , ) ,  s(y,,,))[J{{ym,, s(ym,)}, {y, u, sty,u)} } 

forms a cycle o f  length at most 2n. 

Proof. As the only way of entering or leaving the cone C(z) is to use the edge {z, z*}, 
assertion (13.1) follows from (12). Consequently Cii is a cycle. As y~,EC(x, , , ) \  
~,C(x,,,+l) and {x~,x,,,,+~}EF it follows from i<.] that 

(13.3) dist 0',,,~, Y,,u) = 20(*-  mi). 
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From (12) and (5.1) it follows that 

(13.4) dist(z*, s(y,,,,)) = dist(y,,~,s(y,.,))-distO', .... z*) = n - n ~ - ] .  

hence by the triangle inequality 

dist (s(y,,,~), s(y,,0) - 2(n--n ~ -  l), (13.5) 

this yields 

(13.6) ]P(y,,,,, y,,,j)U P(s(y,,,,), s(y,,,j))U{ {y,,,, s(y,,,)}, {Y,u, s(y,,j)}}[ 

2 ( n * - m l ) + 2 ( n - n * - l ) + 2  = 2 n - 2 m l  -~ 2n 

showing that C~ is a cycle of length at most 2n. II 

(14) Fact. Let .Y-*=(T*, r*, F*) be a rooted tree with distance function dist ". For 
every nonnegative integer m and eveo, vertex 2E~--*(m) it follows that 

(14.1) MAX {dist'(2, y)lyCY-*(m)} = MAX {dist*(y, y')[y, y'~.Y*(m)]. 

Proof. Obvious by induction on m. II 

(15) Observation. For nonnegath'e integers 0:- . i<t  let i < ~ ( i ) ~ t  be such that 

(15.1) dist (s(y,,,), s(y,,,:,,,))= MAX{dist(sO,,,,,),s(y,,,j))li < j  :~ t}. 

Tht2tl 

dist (s(y ...... ), s(y,,,~,,+n) ) -~ dist (s(y,,,), s(y,,~,~)). (15.2) 

Proof. Consider 
T" = {y;?T I dist (z :~, 37) <~ n - n * - l } \ C ( z )  

and for every O ~ i < t  let 

T[ = T ~ U {s(y,,,j)li <=j ~_ t}. 

Denote by .~* the rooted subtree of ,Y" consisting of vertices Ti* with root 
According to (12) and (13.4) then 

(15.3) .y~.*(n-n*- l )  = {s(y,,,yi ~ j  ~ t}. 

Ti -Ti+~ it follows that 

('15.4) MAX {distT?+~(y, Y')IY, y ' 6 ~ + a ( n - n * -  1)} 

--: MAX {dist,-, (y, y')Iy, ' ~r y ~ ~'; (n - n * -  1)}. 

According to (14.1) then 

(15.5) dist (s(y ....... ), s(y,,,~(~+~,)) = dist~7+~ (s(y,,,, ,~), s(ym~;+,,)) 

dist~-~(s(y,,,,), s(y,,,~<,,)) = dist(s(y,,,), s(y,,~,~)). I 

(16) Observation. IC~+ l,~u+ t)] < IC;,~.>l ./or every O-<_i < t. 

Proof. According to (I3.3) and since m~<m~ ~_a this follows from (15.2). I 

2* .  

4* 
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(17) Observation. Let the real mm~bers 0<~-< t, 0 < / I <  t and 3'>0 satisfy (7.1) 
and (9. I). Theli 

S(c_,) ~ ";12- l 

(18) Observation. Put ~=2  -','2k" fi=f2t 2 ~ )/-'/~<" y-0 .001l /k .  Then (9.1) 
V'2-- t'I2 

is satisfied, provided that g>3OOk log k. and k ~no .  where #s~, is sufficiently large. 

Proof. We write (9.1) for n = g  equivalently as 

(18.1) log +(,+I-+-,~togl+</~li ~ l - k t o g  ++ => g,);log2 

and evaluate each of the three summands on the left hand side of (18.1) s@aratety. 

( log2)  
(18.2) l o g l - e  = l o g ( l - 2 - ~ / z t , ) - l o g 2 - 2 1 o g g  ~ l o g  ~ - [ o g 2 - 2 1 o g g  2g 2 

---~- (2 log 2+log k + 2  log g). 
k 

(18.3) 
"/ 2 ii"2 - - } / 2  

'~k 

kl/i 2 ] 2 (1.8.4) 
- -  2 k 

2 I"2 - I i 2  
~k 

I v:--j2 ) (I.8.5) (g t2 -1)  tog u.[J _ctk_ t = (gt2 - 1) tog - -  +,+ 
2 i i7-  i]'~ 

' I +] - 2 k  ( g / 2 -  1 ) l o g  ~ 

g 0.088-  2~  0.088 

0.044 
= gO.O22/k k ' 

(18.6) -- k log c~ ~ log (2 ]/2- - I) - l o g  2 =>- log 2. 

Now, putting (18.2), (18.5), and (18.6) together shows that 
1 - - ~  k 2 k 

=gO Olllk+g.Omllk-(-~+3iog2+logk}-21ogg 



CYCLE LENGTI 1S 51 

and thus it suffices to show that 

(18.7) g ' O . O l l / k - [  0"044 J k ,-I-3 log2+logk - 2  log g ~ 0. 

This follows immediately according to the choices ofg  and k. To show (9.1) for arbi- 
trary n~g  it is enough to see 

(18.8) [ V l l ° g f l + l l ° g 2  ct ~ -';lou2--21og~ ~ ) ~ = 0  

but this also holds by the choices of ~, fl, 3', g and k. 1 

(19) Observation. Put ct and fl as' before, t/wn (7.1) is sati.~ed, provided g - 300k log k 
and k >-no ,/'or some sl~ciently large n,. 

Proof. 

(19.1) log (/ps_4/e) _ g--42 (-1)2k l o g - - 2  ± g - 4  (-__1) 1o~2 

thus. according to (18.2) and (19.1), it suffices to show that 

g--4 
4k 

- - l o g  2 ~ (2 log 2+log k +2 log g), 

this follows immediately, as g~300k log k and k ~ n  0. I 

(20) Observation. Ttwre exists a positive integer no such that for every graph G = ( V, E) 

k + l  / 1 0.00055/k} with IE] ~ where k ~;no it )Col/ows that Y~(G)~min 300klogk 
IVl k - ' 

ProoL Recall (17), (18) and (19). I 

3. Concluding Remarks 

We have the following upper bound for.f(l +e): 

Theorem 2. f f k +  l].__: 1 77 t k 1 -  k + l  72 jo t  all positive integers k-=2 rood 15. 

Proof. For the positive integers / and n denote by K/,.,, the graph resulting l]'om the 
complete bipartite graph K,,.,, by inserting t additional vertices on each edge of K,,.,,. 
Clearly 

= , , ' / ,  IE X,', ,,)r = 

IE(K~,,,)I 
Pv(K/..)l 

14--- 
t l  
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Putting / = k 0 t - - 2 ) - 2  ( ~ }  I ~l {1 I 2--~) ,~.,. + and shows that f ~ k+ l  n--2 4 6 I1 

f [ k + l  I - -  1 77 provided k-=-2 this expression is minimized for n= 5. hence I ~ 1  ~ k  +1 72 " 

rood 15. II 

A careful inspection of the proof of our main theorem suggests the following 
definition : 

Definition. For positive reals ~ and g let 

J~ lg ,  ~.) = inf ~'(6 ' )  I v  (c;)! 

Corollary. There exists u positive integer Ito such that 

[ k + l ]  0.00055 
f '  300klogk, k ) -- k 

Jbr all positive im~ecs k ::n0. 

Problem. Fix 7..---I. is t"(,g. ~) bounded as g tends to infinity? 
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